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Background: SATisfiability Problem

e Variables: z,y,z... € {1,—1} {F, T}

« Connectives: —(Not), A(and), V(or), ®(xor)...

e Literals: —x,vy, —z...

« Formula: (z A —y) @ 2 ...

 Solution: an assignment with -1/1s of variables s.t. formula yields -1

« SAT: Does a formula have a solution or not?
r=—1(T),y = 1(F)is a solution of * A =Yy (SAT)
no solution exists for z A =7 (UNSAT)
* NP-completeness of SAT was proven in 1971 by Stephen Cook
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Applications of SAT

Used by hardware and software designers on a daily basis

SO o

Discrete Optimization  Software Verification Motion planning Probabilistic inference
[Ignatiev et al., 2017] [Velev, 2004] [Bera, 2017] [Chavira et al., 2008]

SAT solvers solve industrial SAT instances with millions of variables
[Katebi et al., 2011]
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CNF and Hybrid SAT Solving

» Conjunctive Normal Form (CNF)
 Connectives: 1, \, V
e Clauses: 1V T2V T3 ...
e Formulas: (1 Va2V —x3) A (x2Vxy) ...
« 3-CNF is NP-complete [Cook, 1971]

* Non-CNF Clauses/Constraints

« cryptography: XOR (Bogdanov etal., 2011] rTOYD=2
 graph theory: cardinality constraints [costa etal., 2009] rT+y+z 22
not-all-equal (NAE) [romas J, 1978] NAE(z,y,z) =—-(x =y = 2)
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Related Work: Hybrid SAT Solving

* CNF-encoding of Non-CNF constraints

Involves large number of new variables and clauses ™Wynn, 2018]
Encodings differ from size, arc-consistency and density of solutions [Prestwich 2009]

* Extensions of CNF solvers

Cryptominisat (CNF + XOR) (soos et al., 2009]

Minicard (CNF + cardinality constraints) (uiiton etal., 2012]

. MonoSAT (CNF + graph properties) [ayless etal. 2015

. Pueblo (CNF + pseudo Boolean constraints) isheini et al., 2006]



Contribution: A versatile Boolean SAT Solver

fZCl/\CQ/\“'/\Cm

Each C; can be a CNF, XOR, Not-all-equal constraint or
cardinality constraint

FourierSAT: A SAT solver based on gradient method to
handle different types of constraints uniformly
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Fourier Expansion of Boolean Function

Boolean formulas =) Multilinear Polynomials
{1, -1} = {1,-1} p:{l,—1}" = {1, -1}
{F, T}

x Y TANY T4 ir+iy—tay
1 1 1 1
1 -1 1 1

-1 1 1 1

-1 -1 -1 —1

___________________________________________________________________________
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Fourier Expansion of Boolean Function

Boolean formulas =) \\ultilinear Polynomials

Theorem

Given a Boolean function f : {—1,1}" — R, there is a unique way of ex-
pressing f as a multilinear polynomial:

fle)="Y (f(S)-Ha:i

SCn] i€S

[O'Donnell, 2014]

Fourier coefficients on S multilinear monomials
1 1 FATORTNS R
LU/\y_N ‘1r|—‘—: +§-_y} 2)\37?/‘ 8/25



9 /25
From SAT to continuous optimization

Tree Search/Backtracking

Local Search

(DPLL/CDCL)
propagation “sideway” walk
conflict analysis ... ~ random walk ...

_ _ o formulas can be evaluate on reals
variable selection heuristics

discrete searching on Boolean domain optimization on continuous domain



Approach

Discrete searching on
Boolean formulas

. From SAT to Continuous Optimization

Continuous optimization on
multilinear polynomials

Theorem
f is SAT & ][\J’m} (G) =-1 I

xel[—1,1]" :
Every local minimum of G in [—1,1]" is global. |
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Problems:
Workflow
« Computing the Fourier Expansion of a Boolean function is #P-hard

* How to evaluate a polynomial with exponentially many terms?

G =—0.32+0.0221 — 0.03z-

f = (371 \V _15132) r -
/\(CCQ D xr3 D 5(:4) trca)lr‘l:grm + 0.0423 — 0.00724 + - - -

Ny + 5 + T6 + To > 2) [E——) + 0.00087525 2627 28T - - - -

... hybrid Boolean formula multilinear polynomial

ical
analytica’,
computation

OF
continuous o T 0.003z2 + - - -
8_F = 0.0082; + - - -
6:::2
(1 y 1 y - ) discretize gradients
discrete assignment
(0.586,—0.324, - - -) 11 /25




Factored Representation
f:cl/\CQ/\---/\cm

. Many symmetric constraints have closed form Fourier expansion

: Type of Constraint Example Fourier Expansion E
i CNF clauses TNY % + %37 + %y - %J;y i
| XOR rDyDz T Y-z i
E Cardinality constraints TH+y+z> 2 %a: - %y S %z = —%:cyz i
i Not-all-equal NAE(LE, Y, Z) _% L %a;‘y i %yz 4 %xz ‘i

Define a new objective function by the Fourier Expansion of each clause

f=ciNcaN---Ncm

RYSERLS F= ZP@

F _ ./. \‘\. / \ '
(\Z?}' _i_[\]?%' T pm ~_—— Fourier expansions

N_.7
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Obijective Function Construction

f=ciNeca A+ Acp f=@VvV-yYN (xoy)
LVEN A / \
F =ip1+ipa + -+ +pm
b= va; Fourier expansions =—3t3T—3y+352-y
i=1

- Efficient Objective Function Evaluation
F' can be evaluated in O(k? -m) time
k --- maximum width of all clauses 1 --- number of clauses

Theorem

| fis SAT & Min (F)=-m i
I ZS IS i 13 /25



Workflow

f=(z1V x2)

/\(.’172 D xr3 D 274)

MNzs + x5 + z6 + 9 > 2)
... hybrid Boolean formula

Is a solution?

Incomplete SAT

(17_1’...)

discrete assignment

>

prove unsatisfiability

F; =—-0.32+0.0227; — 0.03x5
F5 =0.04x3 — 0.007x4

F3 =0.000875x5x6x7T8T9
multilinear polynomials

Fourier
transform

>

No

F :F1 == FQ =t F3
=—0.32+ 0.02x7; — 0.0325
+0.04z5 — 0.00724 + - - -

multilinear polynomial

+ 0.000875x5xgx728T9 + - - -

ical
analytic?’,
computation

solver: cannot

discretize

continuous optimization

- ‘ 2

(0.586, —0.324, - -~)

OF
— =0.003z2 + - - -
(9371
OF
— = 0.008z; + - -~
8582
gradients
14 /25




Multilinear Polynomials: Well-behaved
fZCl/\CQ/\'“/\Cm

F=)r VAN

F=pir+p2+-+Dm

i Theorem (Saddle Landscape)
'At every x € R", 3 a decreasing direction v and € > 0, F(z + ev) < F(x)

\\“p‘-:c, 0
0 1 Natere ey / _2 |
- Lo 2 N J L = 2
0\_\;’ g 2 0 — 2 -'; — . _
-2 .2 -2 .2 9 =2
x x \ée et al., 2016] 15/25



What does the Objective Function Value Indicate?

Theorem

F(z)=-k= mTJrk clauses can be satisfied in expectation

Making “small” progress in expectation per iteration

MAXCUT Relaxitions

e LP relaxation: %—approximate*%% loss

PIR(z); = —1] =

o SDP relaxation: 0.878-approximate—13.2% loss
P[R(z); =1] = 5 +

e "Fourier relaxation”: no loss
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Why Not Just Do Discrete Local Search?

Greedy Local Search Solver (GSAT) [seiman etal., 1992): per iteration,
flip a bit to maximize the number of satisfied clauses

1+ T2+ -+ x100 > 70,2; € {0, 1}
start from |x| = 50 === Need to flip at least 20 bits

GSAT will not make progress for a long time!
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Local Minimum is “almost integer”

F=—3+3e+3y+3ey  (zVy)

05— F(10.5)=F(1)=F(11

Local minimum

2
e e e e e e e e e e e e e e e e e e 1 18/25

(_17 _1)

e
' Theorem
|
i Every local minimum z of F can be discretized to 2™ with F(z*) = F(z)
e o e e o o o o o o e e o e e e e e e e e e

I o s mm oo —m oo

i F(z) = —k , (Deterministically) i

i = MTE clauses can be satisfied !

|
| |



Projected Gradient Descent Converges Fast

Multilinear polynomials are smooth:
For I' € |[—a,a] and x,y € [-1,1]"

Lipschitz continuous: _ Lipschitz gradient: N |
)~ F)| <oy e —yla} | [VF@) - V@)l <an [z - yll2

L o o o o o o e e e e e e e o s e e e e e e, e, e, e, e, e, ——  — e e, ——

if fis k-SAT avk ak

| |
i Theorem E
For a formula with n variables and m clauses, Projected Gradient Descent i
2.~ i

1

converges to a e-projected-critical point in Q(

N, ~°




Implementation Techniques

* Weighted version: m m
F:Zpi —F:Zwi-pi
1=1 =1

 Analytical Gradient Computation
Feeding gradient to optimizer significantly accelerated the algorithm

« Random Restart and Parallelization
Different trials are independent so that parallelization is easy

« Fast computation of gradient and function value
F{xyVxoVx3}(—1,0.345,—-0.474) = —1 20/25
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Benchmark 1: Parity Learning with Errors T, D Tg D xs — — 1
1 Pxro=—1
o Solving a random XOR system of m XOR T2 w3y =—1
equations and n variables but tolerating up r1 Qg =—1
to e - m equations to be violated UNSAT for e = 0. SAT for e = 0.25

60

. ¢ = 0: Gaussian Elimination (P)

m > n: UNSAT w.h.p
e ¢ > (0: whether in P is still open

m=2n,e= i: Known as hard instances
for both DPLL and local search SAT solvers

Running time (in seconds)

« XORs + 1 Cardinality Constraint

40 -

30 -

—  FourierSAT

- CMS+CNF-XOR
— == CMS+CNF
- == WalkSAT+CNF

50 100 150
Number of problems solved

250

300



22/25
Benchmark 2: Approximate Minimum Vertex Covering

- Finding a vertex set Sol of random cubic graphs s.t. |Sol| < 1.1 -|Opt|

— 60 1 == FourierSAT
- =  MONOSAT
- = MiniCard
0 e CMS+SeqCounter

- = \WalkSAT+Totalizer

Running time (in seconds)

 CNFs + 1 global cardinality
Constraint

L Ly p—

0 100 200 300 400 500
Number of problems solved



Benchmark 3: MaxSAT
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« MaxSAT: solving UNSAT instances with as few violated clauses as

possible

For a solver ¢ on instance j

.. — (least #violated clauses by all solvers)+41 02
/

(#violated clauses by solver i)41

Solver A|B C D

# violated clauses | 2 | 3 10 6

Score 1 | 0.7 | 0.27 | 0.43

» Relatively small benchmarks
form MAXSAT competition 2016

1

0.55

0.85

0.8

0.75

0.

=~

0.65

0.6

0.843

DLS

Naive
Discrete
Local
Search

Average Score on MaxSAT

0.883

Loandra

Best solver
In MaxSAT
competition
2019

0.917 0.925

0.901 I I
Mixing  FourierSAT WalkSAT
MeThog Mature
SDP- Local
Based search
MAXSAT SAT
solver solver
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FourierSAT is Versatile and Shows Great Potential

60

50 A

o 30 A
S 204

10 A

—— FourierSAT
----- CMS+CNF-XOR
—=- CMS+CNF
—== WalkSAT+CNF

0

-
0 50 100 150 200 250 300
Number of problems solved

v = FourierSAT

==  MONOSAT

== MiniCard
1 == cMS+SeqCounter
— —  WalkSAT +Totalizer

L

200 300
Number of problems solved

w
o
o

Average Score on MaxSAT

1
5 0.925
) — 0.901 0.917
0.843
0.85
0.8
075
0.7
065
0.6
DLS Loandra Mixing  FourierSAT WalkSAT
Method

* FourierSAT is comparable with state-of-the-art SAT/MaxSAT solvers
even without lots of engineering
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Conclusion

« SAT solving beyond CNF is worth studying
 Our work, FourierSAT is a versatile and robust tool for Boolean SAT

 Applications of Fourier analysis and other algebraic techniques for Boolean
logic are promising

 Bridging discrete and continuous optimization

 Future directions:
* Proving unsatisfiability algebraically
» Deploying FourierSAT with methods from local search SAT solvers
« Alternative object function: approximate, efficient gradient
25 /25



