Moser’s Algorithmic LLL

Presented by Zhiwei Zhang
Sep 6th, 2018



k-CNF

conjunctive normal form:

k-CNF 0=CiANCoN---NCy,
m clauses, n Boolean variables
each clause C;=1;, Vi, V- --- Vi
is a disjunction of exact k literals

degree d: each clause shares variables
with at most d other clauses



I.ovasz LLocal LLemma
(symmetric version)

“bad events”: By, B,,..., B,

each one happens with probability p and

is dependent on at most d other events

if 4pd <1

then

Pr[Bi ANBy A\ --- A By, > 0]



k-CNF

conjunctive normal form:

k-CNF ¢o=Ci ANCoA---ANChy,

m clauses, n Boolean variables

each clause Ci =1l Vi, V-V,
is a disjunction of exact k literals

degree d: each clause shares variables
with at most d other clauses

Whatif d < 2F=2 »



Whatif d <22 »

for each clause C; =1;, Vi,, V---Vi;,

Bad event: C,;isunsatisfied

p = Pr[C;isunsatisfied) = 27"



Whatif d <22 »

for each clause C; =1;, Vi,, V---Vi;,

Bad event: C,;isunsatisfied
p = Pr[C;isunsatisfied) = 27"
d < 2k—2 dpd < 1

(LLL condition)
Pr|ois satified] > 0



What if d <2°72 ?
for each clause C; =1;, Vi,, V---Vi;,
Bad event: C,;isunsatisfied
p = Pr[C;isunsatisfied) = 27"
d < 2k—2 4pd < 1

(LLL condition)
Pr|ois satified] > 0

3 satistying assignment for ¢



Algorithmic LLL

@ : K-CNF of max degree d with m clauses on n variables

Theorem
d < 2F—2 === 3 satisfying assignment for ¢



Algorithmic LLL

@ : K-CNF of max degree d with m clauses on n variables

Theorem
d < 2F—2 === 3 satistying assignment for ¢

Theorem (Moser, 2009)

satisfying assignment can be
< 2875 == .
4<2 found in O(n + kmlogm) w.h.p.



@ : K-CNF of max degree d with m clauses on n variables

Solve(Q)

pick a random assignment
L1y L2y ydn,

while exists unsatisfied clause C
Fix(C)

Fix(C)

replace variables in C with random values

while exists unsatisfied clause D overlapping with C
Fix(D)




@ : K-CNF of max degree d with m clauses on n variables

Solve( Q) Fix(C)
pick a random assignment replace variables in C with random values
11,42, n; while exists unsatisfied clause D overlapping with C
while exists unsatisfied clause C )
Fix(C) Fix(D)

Observation: In Solve(), for every clause C, Fix(C) can be called for
only once.



@ : K-CNF of max degree d with m clauses on n variables

Solve( Q) Fix(C)
pick a random assignment replace variables in C with random values
L1, L2, - Ln; while exists unsatisfied clause D overlapping with C
while exists unsatisfied clause C )
Fix(C) Fix(D)

Observation: In Solve(), for every clause C, Fix(C) can be called for
only once.

# of top-level calls to Fix(C): < m (# of clauses)

total # of calls to Fix(C) (including recursive calls): t



@ : K-CNF of max degree d with m clauses on n variables

Solve( ) Fix(C)
pick a random assignment replace variables in C with random values
(L E25 5, hile exists unsatisfied clause D overlapping with C
while exists unsatisfied clause C | |" )
Fix(C) Fix(D)
<m recursion trees tOtal # nOdeS: t
. )
/).
/}\ o000 o }\

* 3

. ® .

3 *
............. T LY

...........................

total # of random bits: n + tk (assigned bits)



Encode the recursion trees/running log

<m recursion trees total # nodes: t
o @)
EODN

/. x
.
* *
* *
* *
* . *

...........................

total # of random bits: n + tk (asmgned bits)

...........................

the recursion trees can be encoded to:

for each recursion tree:
root: [logam] bits



Encode the recursion trees/running log

S m recursion trees total # IlOd@SI t
O O
RADN AN

......................................................

total # of random bits: n + tk (asmgned bits)
the recursion trees can be encoded to:

for each recursion tree:
root: [logam] bits

each internal node: logod + O(1) bits



Encode the recursion trees/running log

< recursion trees total # nodes:
O O
RADN EARN

......................................................

total # of random bits: n + tk (asmgned bits)

the recursion trees can be encoded to:

m [logam] + t(logad + O(1))

for each recursion tree:
root: bits

each internal node: bits



Recover the sequence of random bits

<m recursion trees total # IlOdGSI t
() ()
AN

/. x
.
* *
* *
* *
* . *

...........................

total # of random bits: n + tk (asmgned bits)

...........................

the sequence of random bits can be recovered from:

final assignment: n bits
+
recursion trees m [logam] + t(logad + O(1)) bits

/running log:



Recover the sequence of random bits

<m recursion trees total # IlOd@SI t
() ()
AN

/. x
.
* *
* *
* *
* . *

...........................

total # of random bits: n + tk (asmgned bits)

...........................

the sequence of random bits can be recovered from:

final assignment: n bits
+
recursion trees m [logam] + t(logad + O(1)) bits

/running log:
Observation: Fix(C) is called ===

assignment of C is uniquely determined



Demonstration

Solve( () Fix(C)
pick a random assignment replace variables in C with random values
£y <2y o < g s while exists unsatisfied clause D overlapping with C
while exists unsatisfied clause C )
Fix(C) Fix(D)
A=-x1 Ve Vs d»=ANBANC

B:_ICI?Q\/$3VCI?4

C:CE‘l\/sz\/C&l ¢(0717071):1



Demonstration

Solve( @) Fix(C)
pick a random assignment replace variables in C with random values
whil g 1e’xai?s?tjs: Lj.n’sa;’;[bi?sfi ed clause C while exists unsatisfied clause D overlapping with C
Fix(C) Fix(D)
A:_Iili’l\/il?g\/l’g ¢:A/\B/\C
B = —Xo VX3V X4
C'=x1VxoVxy ¢(0,1,0,1) =1
Log
start
Fix(A)
Fix(B)
Fix(C) 0101
end Solution Random Bits Assigned

in Fix()



Demonstration

Solve( @) Fix(C)
pick a random assignment replace variables in C with random values
whil g 1e’xai?s?tjs: Lj.r{sa;?;[bijsfi ed clause C while exists unsatisfied clause D overlapping with C
Fix(C) Fix(D)
A:_Iili’l\/il?g\/ﬂi’g ¢:A/\B/\C
B = =Ty V L3 V Ty
C=x1VxaVay #(0,1,0,1) =1
Log
start
Fix(A)
Fix(B)
Fix(C) 0101 011
end Current Assignment Random Bits Assigned

in Fix()



Demonstration

Solve( () Fix(C)
pick a random assignment replace variables in C with random values
£y <2y o < g s while exists unsatisfied clause D overlapping with C
while exists unsatisfied clause C )
Fix(C) Fix(D)
A=-x1 Ve Vs d»=ANBANC

B:_ICI?Q\/$3VCI?4

C=x1VxaVay #(0,1,0,1) =1

Log
start
Fix(A)
Fix(B) 0100
Fix(C) 0101 011
end Current Assignment Random Bits Assigned
in Fix()



Demonstration

Solve( () Fix(C)
pick a random assignment replace variables in C with random values
£y <2y o < g s while exists unsatisfied clause D overlapping with C
while exists unsatisfied clause C )
Fix(C) Fix(D)
A=-x1 Ve Vs d»=ANBANC

B:_ICI?Q\/$3VCI?4

C=x1VxaVay #(0,1,0,1) =1

Log
start

Fix(A)
Fix(B) 0100 100

Fix(C) 0101 011

end Current Assignment Random Bits Assigned
in Fix()



Demonstration

Solve( @) Fix(C)
pick a random assignment replace variables in C with random values
whil g 1e’xai?s?tjs: Lj.r{sa;?;[bijsfi ed clause C while exists unsatisfied clause D overlapping with C
Fix(C) Fix(D)
A=—-x21VxeV a3 ¢:A/\B/\C
B = =Ty V L3 V Ty
C:CU1VQ32\/CC4 ¢(0717071):1
Log
start
0100
Fix(A)
Fix(B) 0000 000
Fix(C) 0101 011
end Current Assignment Random Bits Assigned

in Fix()



Demonstration

Solve( @) Fix(C)
pick a random assignment replace variables in C with random values
whil g 1e’xai?s?tjs: Lj.n’sa;?;[bi’sfi ed clause C while exists unsatisfied clause D overlapping with C
Fix(C) Fix(D)
A:_Iili’l\/il?g\/l’g ¢:A/\B/\C
B = —Xo VX3V X4
C:CU1VQ32\/CC4 ¢(0717071):1
Log 1000
start
0100 010
Fix(A)
Fix(B) 0000 000
Fix(C) 0101 011
end Current Assignment Random Bits Assigned

in Fix()



Demonstration

Solve( Q) Fix(C)
pick a random assignment replace variables in C with random values
L1, L2y ..., L, : : . g : :
while exists unsatisfied clause C Whl|-e exists unsatisfied clause D overlapping with C
Fix(C) Fix(D)
Log
start
Fix(A) 1000
Fix(B) 010
Fix(C) 000
end 011
0101

Log+ Final Solution m All random bits used
in Solve() and Fix()



Demonstration

Solve( Q) Fix(C)
pick a random assignment replace variables in C with random values
L1, L2y ..., L, : : . g : :
while exists unsatisfied clause C Whl|-e exists unsatisfied clause D overlapping with C
Fix(C) Fix(D)
Log
start
Fix(A) 1000
Fix(B) 010
Fix(C) 000
end 011
0101

Recover

All random bits used
in Solve() and Fix()

Log+ Final Solution

Encode



<m recursion trees total # nodes: t

/. x
/. x .
~ * *
. . . -
2 * * *
. . . -
- ° . [ ]

..........................................

total # of random bits: n + tk (asmgned bits)

All random bits used
in Solve() and Fix()

Log+ Final Solution: 7+ m[logam] + t(logad + O(1)) bits

is encoded to:



<m recursion trees total # nodes: t

/. \
/. } x . ~
~ * *
* * * *
* * * *
* * * *
* . * * .

......................................................

total # of random bits: n + tk (asmgned bits)

the sequence of random bits is encoded to:

n + mllogam] + t(logad + O(1)) bits

Incompressibility Theorem (Kolmogorov)
N uniform random bits cannot be encoded

to less than N-1 bits with probability1 — 027



<m recursion trees total # nodes: t

/. x
/. x .
~ * *
. . . -
2 * * *
. . . -
- ° . [ ]

...........................................

total # of random bits: (asmgned bits)

the sequence of random bits is encoded to:

bits

n+tk < n+ mllogam] + t(logad + O(1)) w.h.p.



<m recursion trees total # nodes: t

/. x
~ * *
* * * *
* * * *
* * * *
* . * .

...........................

...........................

total # of random bits: n + tk (asmgned bits)

the sequence of random bits is encoded to:

n + mllogam] + t(logad + O(1)) bits

n+tk < n+ mflogam] + t(logad + O(1)) W.h.p.

mlogoam

when d < 2F ¢ t <
— c—0(1)




<m recursion trees total # nodes: t

/. x
/. x .
~ * *
* * * *
* * * *
* * * *
* . * .

......................................................

total # of random bits: (asmgned bits)

the sequence of random bits is encoded to:

n + mllogam] + t(logad + O(1)) bits

n+tk < n+ mflogam] + t(logad + O(1)) W.h.p.

mlogoam

when d < 2F ¢ t <
— c—0(1)

total running time(total assigned random bits):

n +tk = O(n+ kmlogam)



length of assignment random bits

length of bits n+tk

n+ mllogom| +t(logad + O(1))

: length of running lo
n + miogam length of initial J 9799

random assignment




length of assignment random bits

length of bits n+ ik

n+ mllogom| +t(logad + O(1))
length of running log

n + mlogam length of initial
random assignment
(1 ; . .
w.h.p . almost impossible to happen!




length of assignment random bits

length of bits n+ ik

0gom

n+ mllogom| +t(logad + O(1))
length of running log

length of initial
random assignment
w.h.p . almost impossible to happen!

O(n + kmlogam)
t



Algorithmic LLL

® : k-CNF of max degree d with m clauses on n variables

Theorem (Moser, 2009)

satisfying assignment can be

d < 2k—3 :> g
- found in O(n + kmlogm) w.h.p.
Solve( Q) Fix(C)
pick a random assignment replace variables in C with random values

L1,T2y..., L,
while exists unsatisfied clause C

while exists unsatisfied clause D overlapping with C

Fix(C) Fix(D)
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