Logical Neural Networks
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Task: First Order Logical Inference

Smokers and Friends

Smoke(x) (S(x))

S(a), S(e), S(f), S(g),

=S(b), =S(c), ~S(d), —=S(g), ~S(h),

F(a,b), F(a,e), F(a, f), F(a,g), F(b,c),
F(c,d), F(e, f), F(g,h),

-F(a,c), ~F(a,d), =F(a,h), =F(b,d), —~F(b,e),
_'F(b:f)a _'F(bag): _'F(ba h’)? —lF(C,e), _'F(Ca f):
_'F(C:g)a _'F(Cﬂh): _'F(d?e)a _'F(daf)? _'F(dag):
_'F(dah')& _'F(eag)? —F(e, h’)a _'F(fag)a _'F(f: h’)’a
C(a), C(e),

S(i), S(n),
-S(j), ~S(k
-S(1), ~S(m

7]

1

F(i,j), F(i,m),

—IF(E k) —IF(E [),
—F(i,n), ~F(j, k
—F(3,1), =F(j,m),
—F(j,n), =F(l,n),

7]

Friend(z,y) (F(z,y))
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Cancer(x) (C(x))

Vay(F(z,y) = F(y,x)),

Ve-F(z,z), Vzy(S(z)A F(z,y) = S(y)),
Vz(S(z) = C(x))
VedyF(z,y),

)
)
)
)
F(k,1), F(m,n),
)
)
m)
)
)

_'C(b)ﬂ _'C(C)a _'C(d)& _'C(f)a _'C(g)a _'C(h) —lF(k m) -F(l,m

infer value of C(i),---,C(n)

facts about people a~h

status(X,T):-
cle(X,Y):-parent(X,W),brother(W,Y) assign_tired(T),parent(X,W),

uncle{X,Y):-aunt{X,W),husband(W,Y)

markov logic networks (MLN) probabilistic soft logic (PSL)

TensorLog Logic Tensor Network (LTN)

Limitations of existing work:
The clauses are atomic, i.e. internal logical structure is not represented

Obtaining probabilities from them requires hard satisfiability problems to
be solved
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Logical Neural Network (LNN) - Outline

What is LNN for?

A neural symbolic approach for logical inference on propositional logic and
first order logic

(Whiskers & Tail @ (Laser pointer =+ Chases)) — Cat

How does LNN do inference? (Cat & Dog)  Pet
Syntax tree as the network structure _ff*_} 4;;'_}
. L . . . (®) VQ | [Pet ]
Different activation functions for logical connectives T ’4\ ,
(Whiskers| [Tail] (—) [cat| [ Dog]
Bi-directional message passing (asorpointer]  (Chases]

Other nerual-symbolic approaches?

SATNet
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The Network Architecture

e Syntax tree of formulas

(Whiskers ® Tail @ (Laser pointer —+ Chases)) —+ Cat

. . . . (Cat @ Dog) — Pet
A node is assigned for each proposition and connective

— -
< (( N\
(X ) Pet |
® Network structure of LNN /ﬂ?& \/@4\ t
(Whiskers] [Tail] (=) [cat] [Dog]
A neuron is assigned on each node of the syntax tree [Laserp’{;;t—:] ‘EEEE

lower bound: L.,
upper bound: U\,

activition function V

U, L € [0,1]: bound for the probability
of the sub-formula corresponding to the neuron



S(i), S(n),

WO rkﬂ ow Of L N N :SS((EJ))’ ﬁs((k | (Whiskers @ Tail ® [Lase!r pointer = Chases)) - Cat |

)

)

F(z,7), F(i,m), i

s zj) i | (Cat @ Dng} - Pet|

~F(i, k), ~F(i,1), e,
2 )y f 4

. _'F(J: )1 _'F(.?'.' )a

1. Read inputs from data CF(j,n), ~F(L,n),

=F(k,m), =F(l,m)

axioms
—'dOg — {Udog = 0, Ldog = 0}

cat = {Ucqt =1, Leaqr = 1}

for other neurons, set L =0,U =1

2. Bi-directional message passing until convergence

upward pass: update bounds of a neuron based on its children
downward pass: update bounds of a neuron based on its parents
3. Inspect the bounds of the target neurons

Logical interpetion of bounds

0

unknown

false

true

contradiction
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Activation Function for Logical Connectives

activition function V

Lukasiewicz-like logics

Basis activation function f
f(x) = max{0,min{1, x}}

Alternatively, one can choose any funtion that satisfies
L f(l—2)=1-f(»)

2. Monotonic

Nier(zi) = f(1 —>_;(1 — z;)) (AND)
Vier(x;) = f(>_; i) (OR) L

alternative activation functions

Fourier Expansions



Inference: Upward Pass

upwardPass (neuron x)
(Whiskers ® Tail ® (Laser pointer = Chases)) — Cat

If x = ﬁ(yz) (Cat @ Dog) = Pet

Uy = min{Uy;, 1 — (Ly,)}
Ly =max{Ly,1— (Uy,)}
If x = \/z(y@)

- \
= [ ]
/)\*_h \@E’\
(Whiskers | [Tail] | ] [ Dog |

_.—f)‘f'
[Laser poi nter | Chases

tightening the bounds

Nier(wi) = f(1 —2_;(1 —x;)) (AND)
Vier(z:) = f(>_,; z:) (OR)

U.’B = m@n{Uwp f@ieI(U’yi
La: = mCL.ﬁU{va f@ieI(Uy@')}
If z = N (y;)

for each parent z of x

upwardPass (2)

e e e e e e e e e e -
b o o e e -
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Downward pass

Infer bounds of x; from Uy, (5,) and L, (4,)

Uz, =

Yy=x1VIoVIs

Yy=x1 \Nxo2 N\T3

\/j;éz'(Ua:j) \% (U\/iel(xi))

—

>

L1 =Y V (ﬁajg) V (_l.ilig)

r1 =y A (—w2) A (0T3)

(Whiskers ® Tail ® (Laser pointer = Chases)) — Cat
(Cat @ Dog) — Pet

[Whlskers| T |'L —} | cat | | Dog |

Laser pmnterJ Chases |
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The Inference Algorithm and its Convergence

----------------------------------------- I y N
: llpwardPaSS —downwardPass : (Whiskers ® Tail ® (Laser pointer = Chases)) — Cat
i 1. Read inputs from data : (Cat & Dog) = Pet
| :
: : | = | '
! 2. Bi-directional message passing until convergence | ""’ﬂ D [\ )
I : /K{‘”‘h—_ﬁ_‘“ /4\
: 1 (Whiskers | | Tail ] [ t | |[Dog|
1 3. Inspect the bounds of the target neurons :
: I [ Laser pointer Chas Bs
I
]
e e ! upwardPass downwardPass

i
i
In all consistent world that satisfies the input axioms, for all formula ¢, we :
have L, < Plp| < U, :

i



LNN Simulates Classic Logical Behaviors

The computations of upwardPass-downwardPass procedure correspond to
the following familiar inference rules of classical logic

x,r — y -y (modus ponens) x,-(xz Ay) F =y (conjunctive syllogism)
-y, x — y F —x (modus tollens) —x,x VyF y (disjunctive syllogism)
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Enable Learning by Adding Tunable Parameters

Lukasiewicz-like logics

Nier(zi) = f(1 =2 ;(1 —xy)) Vier(zi) = f(>_; 74)
(f(z) = max{0,min{1,z}})

Weighted generalization of Lukasiewicz-like logics
N (@) = f(B = S, wi(l — ) VI (@) = f(1 = B+ Y, wiz:)

> e

tunable parameters

Training the network:

ming ., EB,w)+ ZEEEN max{0, Ly — Ug}
T
customized objective function minimize contradictions

s.t. Vk € N,i € I, o - w — Pr + 1 > a (for disjunctive connectives)
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Adaptation of First Order Logic

Logical Neural Network can handle a simplified version of first order logic

Quantifiers 3,V v

Predicates Friend(x,y), Smoke(x) - - - v

Equality a==0b--- X (unique-name assumption)
Functions X

Create a neuron for each possible interpetion of the quantified predicate

Vx, smoke(x) — cancer (x) @ (/\)

® [ ] ®
smoke(a) smoke(b)



S(a), S(e), S(f), S(g),
" —5(b), =5(c), =S(d), ~S(g), ~S(h),
Experiment Resu Its Fla.b), Fla.e), Fla. ), Flag). F(bo)
F(C!d)ﬂ F(eaf)a F(Qah)a

—|F(CL, C), ﬁF(a,dJ, —lF(a,h), —lF(b, d), —lF(b, 8),

Ve-F(z,x), Vzy(S(z)A F(z,y) > S(y)%,

~F(b, f), =F(b,g), =F(b, ), ~F(c,e), ~F(c, f), Vay(F(z,y) = F(y,x)), Va(S(z) = C(x)
~F(c,g), =F(c,h), =F(d,e), ~F(d, f), =F(d, g), VzIyF(z,y),
: —F(d,h), —=F(e,g), =F(e,h), =F(f,q), ~F(f,h),
Smokers and Friends S
—C(b), ~C(c), ~C(d), ~C(f), ~C(g), ~C(h)
Logic Tensor Network (LTN) Logicical Neural Network (LNN)
Vady, F(x,y) 100 [100,100]
Va,—F(x,x) 98 83,98]
Vay, F(x,y) = F(y,x) 90 96,97]
Vay, (S(2) A F(z,y) = S(y) 96 65,100
Va,S(x) = C(x) 77 57,100]
Contradiction (remaining) 0

Other benchmarks
LUBM benchmark: a synthetic OWL reasoning dataset

TPTP benchmark: generic classical theorem proving 13/17



SAT-Net: Combining CNN with differentiable SAT solver

https://arxiv.org/pdf/1905.12149.pdf

Task:

06 {1 27|0 20
030|1008|1250

TOOIOCOK|OCYD I
000020700

¢4 g L@ QO|OR 3 :

=15 4|8 dnl A B0 visual sudoku
00O 7|01 O

| 70[(0 0 0O|J O &

O8 0000 ¢t 6

the rule of suduku is unknown

can we learn how to solve sudoku by end-to-end learning?

14/17



SAT-Net: Combining CNN with differentiable SAT solver

I I
I

: Forward pass — — :
| :
I I

Learn the representation Solve combinatorial instance

e o o o o o o o o e i e e o e e T e B o e o o o e A e B e D e e e o S e e e e o R
0621270850 = .
efenalals SRR X o -
ZoagEee S 1 combinatorial optimizer X0 .
£003401/00 A jelsllh > > LOSS funCtlon
P O B tunable parameters w
050000at s 4;9 7; l;(ﬂf)
Convolutional neural network _ .
differentiable SDP-based MaxSAT Solver
Aiyji iy --- Qi
Q1 = w1 Awp Awz Awg Aws A we Qir,ji Gig,jo -+ Qig,j
= (x1 Va3 Vx2) A (21 V ~x3) A (T2 V T3 V T4)A — .
(mz4 V oms) A (221 V24 V —x6) A (T5 V 26) :
Airji ik jo iy, jir
dL
compute ‘Z”—wo compute =

— Backward pass

tune parameters w by % to learn how to play sudoku

r
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Summary

The Neuro-Symbolic approach could be the third wave of Al

Logical Nerual Network (LNN) is a neuro-symbolic framework for providing
truth bounds with probabilistic semantics

learning to minimizing logical contradiction
the upward-downward algorithm which is provably convergent in finite steps

the behavior of LNN is consistent with classic logic
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