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Fourier Transform
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Fourier Transform 23
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Orthonormal Basis functions

coefficients measure how close f is to basis functions

(On how many inputs f agrees with a basis function)
computing f(0) is equivalent to model counting
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Walsh-Hadamard Transform (45
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Complexity of Hadamard-Walsh Transform: O(2" - 2™) w12



H | Sto ry Jacques Hadamard

1865-1963

Hadamard Matrix (1893)
error correcting code

Joseph L. Walsh
1895-1973

orthonormal basis functions (1923)

Walsh-Hadamard Transform Fourier Analysis on Boolean Functions
Computational Engineering Theoretical Computer science
” A transfrom from vector to vector” ”Harmonic Analysis”
1930s 1960s
Efficient Transform Implementation Hypercontractivity (1970) 3]

milestones:
Boolean function Classifications KKL Theorem (1938) 3

Phase transition |7)
Boolean Synthesis

applications in theory: circuit complexity [6]
Signal compression Hardness of Approximation [21]

. .. g
Boolean Testing  [11] application in theory: Partition Function 8|

Hash function [9] 5/12



Applications due to Global Information and Concentration
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(some) spectrum coefficients provides a spectrum
signature of a Boolean function [11]

No need to compute all spectrum coefficients

Property 1: Every coefficient containts global information

learn/approximate Boolean fucntions 18]
Hadamard Transform only requires plus and minus

Data compressing (JPEG)

oo

g . v Property 2: The spectrum ”weight” often concentrates on a small set of
: —+ coefficients 6/12




Applications: Boolean Synthesis
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Applications: Boolean Synthesis 12

specification implementation
x| —=2 ;
X2 — B
H
X3 ¢ {>O L

G
4 —

Boolean circuit
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find the largest coefficient
and its corresponding basis function

¢ = constant circuit compute the Spectrum of f.
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Applications: Boolean classification [10]

Given n variables, there are 22" different Boolean functions.
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negation of output
g =~f(z1,22,%3)

negation of variables

variable replacement with XOR
9= f(z1 ® z2, 72, 73)

output replacement with XOR 206 equivalent classes

g = f(mla _'3323'/1:3)

. . g@$3:f($17$27$3)
permutation of variables

g = f(aj27x3axl)

Solve the problem in spectrum domain
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Fast Hadamard Transform
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Complexity: O(n - 2")

values coefficients
butterfly circuit .
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Divide and Conquer




BDD based Approach 15,1620

Hadamard Matrix Ho ({1, —1}2"2")
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Fourier Coeflicients

DD operations

Binary decision diagram(BDD)

. O(5%)
BDD with size S ” SDD with size O(S)

P
<

Spectral Desision Diagram (SDD)

Hadamard-Walsh Transform is efficient on Boolean functions with succinct
binary decision diagrams. 11/12



Summary

1. Walsh-Hadamard-Fourier Transform has many applications in theory and
practice

2. History: The study of the transform splits into two directions with limited
connection with each other

3. The transform can be related with lots of concepts in Boolean logic, such
as BDD, model counting, synthesis...
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