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Boolean Functions
f:10,1}" — {0,1}

Alternative representation: f:{1,—1}" — {1,—-1}

MAX, : {+1,-1}* = {+1, -1}

(
MAX5(—1,4+1)

(+1,—1) = +1

( ) = —

.,

. Majority: Maj(z1, ..., xy) = sgn(z1 + ... + ) ;
' Dictator: Dici(a’;l,...,xn) =57 ‘\-,




Voting Scheme

e n(odd number) voters, 2 candidates: “Majority”

e 3 or more candidates?

35% a>b>c
25% b>a>c ,
40% c>a>b

60% people hate c!
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Voting Scheme

e n(odd number) voters, 2 candidates: “Majority”

e 3 or more candidates?

35% a>b>c
25% b>a>c
40% c>a>b

-l‘lw B

~ <<><Y><>> S
<f<x> £),62) # (-1,-1, 1> or <,1,1> f

“Condorcet Electlon Always has a rat1ona1 result?

,’ ratlonal result



Majority doesn't always work

Maj(xy,...,x,) = sgn(x1 + ... + x,)

134% a>b>c |
133% b>a>c |
132% c>a>b |

is M

No Condorcet Winner!

' Does “ideal” function exist?



Ideal Voting Scheme?

Arrow’s Impossibility Theorem

Suppose f:{—1,1}" — {-1,1}

is a voting rule used in a 3-candidate Condorcet
election such that there is always a Condorcet
winner and £ is unanimous.

~ |'Then fis a dictator function

Dici(z1,...,xy) = x;

ed ‘ urier Analysis on Boolean functions
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Vector Representation of
Boolean Functions

Vector Representation of
Boolean functions

vector basis of 27 |



Inner Product of Two
Boolean Functions

<fg>=on Y f@al)

xe{+1,—1}"

= Ly f(z)g()]




Representation Boolean Function

by Orthonormal Basis

f:{1,-1}" = R can be represented by
v € R*

| [0,1,0,0] [0,0,1,0] [0,0,0,1] |

1.0,0,0

Lir1,41) Ly Loy Toaony



Represent M A X5 (x)

n=2  [1,0,0,0] [0,1,0,0] [0,0,1,0] [0,0,0,1]

I+ Ig-n Tersy Loy

" _|_1 _|_1 1 i
2 256'1 21'2 2961332




Multilinear Polynomials

multilinear polynomials!

l, 21,29, 122

O {1} 2} {12}

Every term corresponds to a subset of [n|!



Parity Functions

XS = H xi, S C |n] €.g. L1dads, L3L7LIL10
i€S

Compute the parity of number of -1s in Zs

< x(9),x(T) >= {O’ i

Parity functions{S € [n]| H T; }
icS
are orthonormal basis!



Fourier Analysis in Signal Processing

f J

Time domain an cos(nx) + bn sin(nx)

Frequency domain

1

f(t) = 5 @0 + Z(awws(wx) + by sin(wx))

w=1



Fourier Analysis in Signal Processing

1

f(t) = 5 @0 + Z(awcas(wx) + by sin(wx))

w=1

1X(Z) 1X +—= X
5 5 {z1} 5 {z2} 5



Fourier Transform on Boolean Function

1

f(t) = 5 @0 + Z(awcc)s(wa:) + by sin(wex))

w=1

2mwt

ow=g [ asin( R
1 X0 —+ 1 X{xz1} —I‘l X{x2} —l X{x1,22}
2 2 2 2 ’
fFO)  fz})  f(x2})  f({xr,32})

Projectionof fon xXs !



Fourier Transform on Boolean Function

, Founer Transform B |

Zf

1 L.



Fourier Transform on Boolean Function




Plancherel and Parseval

Plancherel’s Theorem

<f.g>= )Y f(9)iS)
Sen]

Parseval’s Theorem

D F8)P=<ff>=1
Se(n]

(Conservation of Energy)




Fourier Spectrum

- 3 fisy

|S|=Fk

Zszl

k



Fourier Spectrum

g
f — 5 + 5331 -+ 55132 — 53315132
k=0 : f(0) = E.(f) “DC component”

small k:
large k: “High frequency component”




Noise Sensitivity

NS,(f) = Prif(z) # f(y)]
1

=5 S (1-2p) 8 f(sy
SCln]

NS,(f) is large

)

' fhas large weights on high-frequency component |



Not Sensitive

Many Real-life Functions are
with Low Frequency

O’Donnell, 2008
f can be represented by a decision tree of depth d

—> VS, |S|>d— f(S) =0

VS, [S] > d— f(S)=0

eeeeeeeee



Not Sensitive

Many Real-life Functions are
with Low Frequency

Linial, 1993
f can be represented by a CNF(DNF) with width d
» o Wi(f) <e

k>dlog(1/¢€)

> Wik(f)<e

k>dlog(1/e)

eeeeeeeee



Application 1: Fourier Analysis

in Probabilistic Inference

Graphic probabilistic Model

Prizy = 1|zy = 1,25 = 0] = 0.3
@/\ |y o T3 ]

\/ Pr(xy) = Pr(az4]a:2 x3)Pr(xg|zy)Pr(xs|x,)Pr(zy)

H fil
," - L 3Cto r’

“Partition function”: Z = Ll[fz

T z 1

Countmg is a spec1al case of computing partition function



Variable Elimination

7= T

r 1=1

For every &; compute

k
fﬂ?z’ — H filw,z; =0) + H fi(z, i =1)

to eliminate Z; in all factors
until all variables are eliminated

§ Sum and Productlon of boolean functlons

Exact computation of Z 1S mtractable'

fi(x) usually concentrate on low frequency component



Keep Main Component

k
“Partition function” Z=>_|] fi(=)

r 1=1

fi(x) usually concentrate on low frequency component

i Only keep Fourier coefficients with |S|<d |
Point-value &S Fourier Coefhcient

Add O(2") O(n?)
Mul O(2") O(n*%)



Computing Partition Function with
Fourier Representation

«~——— fourier
——  mcmc
~— bp

=

W

A

L

Log partition function absolute errot

:1 0 *— > 4 O  *— | & & |
% 5 10 15 20 25
Backdoor size

Fourier method beats MCMC & Brief Propagation



Application 2: Hash-based Model Counting
Model Counting: #(7), F(1) =1

| cannot guarantee each cell |
~contain approximately |
' same number of solutions |

Var(|C,,|) need to be controlled!



What is a Good Hash Function?

Use Majority as hash function:
\. ____.---/‘/ < _.--,-f-/
/
v, 1
CQ = N hl (CLl) M hl (CLQ)

Var(|FNnh™'(a)]) is large!

A good hash function should be

able to “split” close points



What is a Good Hash Function?

A good hash function should be

able to “split” close points

For “close” x and y (distance(z,y) = d for small d)

NSy(f) = Prlh(x) # h(y)] ~ WHigh freq

XOR is known to have maximum N S



Counting by XORs

XOR is known to have maximum N S]
/j Gy = F 0 hy (1) N hy*(a2)

Close points are “split”

Var(|F N h~(a)|) is small!




Beyond XORs

@ Hard Problems are almost everywhere in CNF-XOR formulas”

e Monotone Boolean function: f(z) < f(x,z; = 1)
e.g. Majority

e I ribes Function:

TRIBES(x1,...,25) = \/(/\ TA,)

i=1 j=1
e Tribes has maximum noise sensitivity among

monotone functions



Hashing with XORs and Tribes
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Other Applications

500 Phase Transition for Connectivity of a Random Graph
400
€
@
c
©
£ 300
=3
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How sharp is the phase transition of connectivity on random graph?

f()

e Phase Transition Phenomena

e Properties testing of Boolean Function / \

:I:l (I;2 :I;S o o o a’/‘n
Test whether a boolean function only relies on k variables efficiently

,< To + 8 +T9 =1
\zs+x4+27=0

+ ¢) -approximate Max E3-LIN2 for anye > 0

e Proving hardness of Approximation

1

It’s NP-hard to ( ;



Summary

Fourier Analysis on Boolean function is:

® A way to characterize boolean function
on frequency view

® A powerful and versatile tool of both theoretical
and practical interest

® An active field in theoretical computer science in
last two decades



u_ll l-h: le INI IHI

References

JRyan O’Donnell, Analysis of Boolean Functions

|Meel, Kuldeep S. et al. Constrained Sampling and Counting: Universal Hashing Meets SAT Solving
|Supratik Chakraborty et.al. Distribution-Aware Sampling andWeighted Model Counting for SAT
]Yexiang Xue et.al. Variable Elimination in the Fourier Domain

]Gil Kalai et.al. Threshold Phenomena and Influence with Some Perspectives from Mathematics,

Computer Science, and Economics

7
8
91
10]ColinWei et.al. General Bounds on Satisfiability Thresholds for Random CSPs via Fourier Analysis

[ 11]Jeffery M. Dudek et.al. The Hard Problems Are Almost Everywhere For Random CNF-XOR Formulas

Tudor Achim et.al. Beyond Parity Constraints: Fourier Analysis of Hash Functions for Inference
Ronald de Wolf A Brief Introduction to Fourier Analysis on the Boolean Cube

Sam Spiro, Fourier Analysis of Boolean Functions



